The self-tuning brane scenario is an attempt to solve the cosmological constant problem in the context of extra dimensions. Rather than making the vacuum energy small, this approach proceeds by removing the gravitational effect of vacuum energy on the expansion of the universe. Such behavior is only possible through changing the Friedmann equation of conventional cosmology, and we discuss difficulties in obtaining cosmological evolution compatible with observation in this context. Specific models considered include a bulk scalar field coupling to the brane via a conformal transformation of the brane metric, and via a rescaling of the brane volume element.
Introduction
with conventional Friedmann cosmology. We then consider two specific models of self-tuning, and derive effective Friedmann-like equations relating the Hubble parameter to the energy and pressure. In section 4 we compare these models with what we know about the universe, and discuss whether they may be brought into agreement with observation. Although such agreement seems unlikely, we are unable to rule it out entirely.
The secret of self-tuning cosmology
In this section we consider how a theory of gravity may in principle be insensitive to vacuum energy while allowing other forms of energy-momentum to influence spacetime curvature. We consider a flat Robertson-Walker metric in 3 + 1 dimensions,
where a(t) is the scale factor and d x 2 is the flat Euclidean metric. An energy-momentum tensor consistent with a Robertson-Walker metric will be spatially isotropic, taking the form
where ρ is the energy density and p the pressure. The conventional Friedmann equation of general relativity is then
where H is the Hubble parameter and G is the (four-dimensional) Newton's constant.
In a self-tuning model, it is possible to find a Minkowski-spacetime solution (H = 0) regardless of the value of ρ vac (when all other energy densities vanish). Clearly, for this to be possible (3) will have to be modified, either in its explicit form or in the definition of ρ. If, however, we consider theories which arise from varying a specified action with respect to the metric tensor to derive gravitational field equations, the energy density and pressure (in this coordinate system) are defined by ρ = −T 0 0 = 2 1 √ g g 00 ∂L matter ∂g 00 , p = T
where g is the absolute value of the determinant of the metric and L matter is the matter Lagrange density. These definitions do not discriminate between different forms of energy density; there is no way for the gravitational field to tell the difference between energy density from the vacuum and energy density from any other source.
How, then, can we modify the theory to allow flat solutions in the presence of vacuum energy, while remaining sensitive to the influence of other sources on the expansion rate?
Given the metric (1) and energy-momentum tensor (2), we seek an equation written in terms of ρ, p, a and its derivatives (which appear in the curvature tensor), and possibly explicit additional fields. Although vacuum energy should enter any such equation in the same way as other energy, the vacuum does have a distinguishing characteristic, namely its equation of state:
With the ingredients at our disposal, this relation suggests a form for a modified Friedmann equation:
where f (ρ, p) is a well-behaved function at p = −ρ. Such a relation would allow for a Minkowski solution (H = 0) in the presence of arbitrary vacuum energy. Although (6) differs from the conventional Friedmann law, it is not necessarily incompatible with observation. Consider for example a hypothetical relation
During a matter-dominated era, p = 0, and the Hubble parameter will differ by a factor √ 3/2 ≈ 0.87 for a given value of the energy density. However, since the scaling of H with ρ is as in the conventional theory, and √ 3/2 is close to unity, it would be hard to distinguish between the behavior predicted by (7) and the usual Friedmann equation during matter domination. During radiation domination, p = ρ/3, and (7) precisely recovers the conventional expectation (by construction). This is important, as our most precise quantitative evidence in favor of conventional cosmology comes from BBN, which occurs while the universe is radiation-dominated.
1 Finally, this relation would solve the cosmological constant problem, as H = 0 when p = −ρ. Unfortunately, we do not have a theory that predicts (7). As we shall see below, the specific self-tuning scenarios we consider lead to additional derivatives of the metric, as well as explicit dependence on the bulk scalar field, and extra terms which are quadratic in the 1 The anisotropy spectrum in the cosmic microwave background (CMB), although it does provide precision constraints on the expansion of the universe, does not do so in a model-independent way. Since a novel theory of gravity which predicted a different Friedmann equation could also predict different behavior for the evolution of large-scale density perturbations, it is impossible to compare directly a phenomenological relationship such as (7) to CMB observations. In any specific full theory, CMB anisotropies are likely to provide an interesting test. energy and pressure. Generally, it seems unlikely that a theory which did predict a linear dependence of H 2 on (ρ + p) would both get the correct coefficient 2πG (or very close to it) and successfully recover Newton's law F = Gm 1 m 2 /r 2 in the solar system. However, this unlikelihood does not seem so great that searching for such a theory would be a waste of time.
3 Specific Examples
Setup
We start with an action of the form [6, 7] 
Here, S 5 is the bulk action and S 4 that of the brane; φ is a scalar field in the bulk with interactions on the brane, while the ψ i 's are matter fields confined to the brane. The metric in the bulk is g
ab , and we choose coordinates such that the induced metric on the brane is
The indices a, b run over {0, 1, 2, 3, y} and µ, ν run over {0, 1, 2, 3}.
The bulk action can be written
with α a coefficient which we leave unspecified for the moment, M 5 is the five-dimensional Planck mass, R is the five-dimensional Ricci scalar, and the brane action as
We will leave the actual form of L 4 (φ, g (4) , ψ i ) unspecified in this section, and consider different possibilities in sections 3.2 and 3.3. We will always consider geometries that have a Z 2 symmetry with the brane at the fixed point, so that we need not include a boundary term in the brane action. The 5-dimensional Einstein's equations are
where the energy-momentum tensor is defined by
.
We choose the metric
where x = {x 1 , x 2 , x 3 } are the spatial coordinates along the brane, and y is the transverse spatial dimension. The Einstein tensor is then
The energy-momentum tensor decomposes into contributions from the bulk and the brane,
The components of the bulk T
ab receive contributions only from the scalar field φ, given by
The contribution to the energy-momentum tensor from the brane will depend on the chosen brane action; in terms of L 4 defined in (11), we have
In addition to Einstein's equations, we need the equation of motion for φ. With the action (10)- (11), the φ equation is
since we will be considering brane actions that depend on φ but not its derivatives. The left-hand side is
yielding an equation of motion
where L 4 is defined by (11) and the D'Alembertian on scalars is given by
The equations of motion generally involve distributional sources localized on the brane. It is therefore convenient to separate the equations into distinct relations valid in the bulk and on the brane. The bulk equations are simply the full equations with distributional sources omitted; they include the bulk Einstein equations:
and the bulk scalar field equation
The corresponding equations on the brane can be expressed without explicit δ-functions by integrating them in the vicinity of the brane to obtain jump conditions [8] . Assuming Z 2 symmetry, the jump conditions relate second derivatives with respect to y to the coefficients of δ-function sources. That is, expressions of the form
imply, on the brane,
where a subscript 0 indicates that a quantity is evaluated on the brane by taking the limit as y → 0 + . For the scalar field, (29) and (30) imply
For the metric, it is convenient to express the jump conditions for a ′ 0 and n ′ 0 separately for each model, which we do below.
To get a Friedmann-like equation on the brane, we consider the yy component of Einstein's equations (34), evaluated on the brane. (There is no δ-function in T yy , so the bulk equation (34) holds true on the brane as well.) We can scale our time coordinate such that n 0 = 1,ṅ 0 = 0 (although n will generally vary off the brane). We then havë
The next step is to express the spatial derivatives on the right hand side of (39) in terms of energy and momentum on the brane, which requires a specification of the brane Lagrangian L 4 . In the original papers on self-tuning branes [6, 7] , the matter Lagrangian was taken to be a cosmological constant λ times an exponential of φ:
with β a coupling constant. In what follows we consider two distinct generalizations of this form to actions with dynamical fields: conformal coupling, in which matter fields on the brane couple exclusively to a rescaled metric g µν = e βφ g (4) µν , or volume element rescaling, in which the four-dimensional volume element is taken to be d 4 x g (4) e 2βφ (and the four-dimensional metric is otherwise simply the induced metric from five dimensions). Both approaches reduce to (40) when brane tension is the only contribution to the four-dimensional action, but give different results for other forms of matter.
Conformal coupling
In this section we consider an action of the form
where the five-dimensional action is as in (10), and the four-dimensional action is
Here, ψ i represents an unspecified set of matter fields, and the metric to which matter on the brane couples is related to the induced metric by a conformal transformation,
µν ,
equivalent to L 4 = e 2βφ f (ψ i , g µν ) in the notation defined by (11) .
In this model, test particles on the brane move along geodesics of g µν ; this is the only metric perceived by observers on the brane. It therefore is sensible to define all brane quantities in terms of this metric. The energy-momentum tensor as measured by observers living on the brane takes the form
The energy density and pressure as seen by brane observers will be, in our coordinate system,
and
so we have
The energy-momentum tensor to which the five-dimensional Einstein's equations couple is given by (21). Since the brane action depends on g µν only through g µν = e βφ g µν , we can write
Using √ g = na 3 b and √ g = e 2βφ na 3 , from (21) we get
or, more explicitly,
with other components vanishing.
Our primary interest is in the cosmological equation (39), where we are now in a position to evaluate the first derivatives of the metric coefficients a and n on the brane. These are derived using the general relation (37) applied to Einstein's equations G ab = M 
Finally we need the jump condition for φ, derived from the equation of motion (29). In the case of conformal coupling the brane source for φ can be expressed in terms of ρ and p by using the fact that L 4 depends on φ only through g µν to write
Putting it together gives
The φ equation is thus
where the D'Alembertian is given by (30). The jump equation for φ is therefore
Now we plug in the brane equations to (39), yielding 
We see that this can vanish for any value of λ, ifφ 0 = 0 and we choose
This is the condition for self-tuning, as derived by [6, 7] . (Of course, making this choice is a kind of fine-tuning, as we discuss briefly in the Appendix.) In this case, our cosmological equation (59) for more general matter sources becomes
If the brane tension is λ, we can decompose the energy density and pressure into tension plus dynamical energy-momentum (e.g. from matter and radiation on the brane): ρ = λ + ρ dyn , p = −λ + p dyn . From (62), however, the tension simply cancels out, and we are left with an identical equation relating for the dynamical density/pressure as we have for the total density/pressure. As this equation is quadratic rather than linear in the energy density, it will not yield anything close to conventional Friedmann behavior, and can't be taken seriously as a description of the real world. (We note that matter on the brane does not respond directly to the scale factor a, but to the conformally-transformed scale factor; however, for constant φ the functional dependence on the energy density will still be quadratic.)
Volume-element coupling
In this section we consider a model in which φ enters only in an overall factor multiplying the Lagrange density, not in every appearance of the metric; in the notation of (11) we have
µν , ψ i ) .
This is equivalent to modifying the four-dimensional spacetime volume element:
while otherwise coupling to the induced metric g (4) µν . Unlike the example of conformal coupling, this form of the action can be disrupted by quantum corrections; on the other hand, we shall see that the volume-coupling ansatz leads to a somewhat more acceptable cosmological model, and is worth exploring for that reason.
Since φ now couples non-universally to matter, it is most sensible to think of g µν as the metric to which matter responds, and the coupling to e βφ as an interaction. The energymomentum tensor therefore takes the conventional form
This is related to T (4) ab , the brane contribution to the energy-momentum tensor appearing in the five-dimensional Einstein equations, by
The specific components of T (4) ab are thus:
These differ from (51)- (52) of the previous section by the replacement (e 2βφ ρ, e 2βφ p) → (ρ, p).
As a consequence, the jump conditions for the metric coefficients are
To express the jump condition for φ in terms of ρ and p, we need to calculate ∂ L 4 /∂φ. We can do this by considering our four-dimensional action to be that of a perfect fluid, corresponding to
µν
(see [11, 13] for a discussion). In (71), the dynamical degrees of freedom with respect to which we vary the action to obtain equations of motion include the entropy s, the enthalpy ǫ, a Lagrange multiplier n, the three Clebsch potentials χ, α, β, and the thermasy θ; these last four scalars define the four-vector Ω µ via
Note that varying with respect to n gives the constraint Ω µ Ω µ + ǫ 2 = 0; hence, on-shell the Lagrange density is simply equal to the pressure p. Therefore, from (29) the equation of motion for φ is
= − β αb pδ(y) .
This corresponds to a jump condition describing the behavior of φ in the vicinity of the brane,
Now we plug in these jump conditions to (39), yielding
We see that the self-tuning condition is satisfied again only for
in which case our cosmological equation (76) for more general matter sources becomes
The contribution of the brane tension λ to the Lagrangian enters in the combination e 2βφ 0 λ. We therefore decompose the energy density and pressure into tension plus dynamical sources in the following manner:
Then, unlike the cosmological equation (62) obtained for conformal coupling, in the case of volume-element coupling we obtain terms on the right-hand side which are linear in the dynamical energy density and pressure:
An equivalent equation was derived by Mennim and Battye [11] . An equation of this type stands a chance of describing the real world. The terms quadratic in energy/momentum can presumably be neglected at late times; if we assume that theφ
term is negligible we are left with a relation which has some resemblance to the hoped-for equation (7) . With this in mind, we turn now to comparison with observation.
Discussion
Let us consider whether, under favorable circumstances, (81) could be consistent with what we know about the universe.
A time-dependent bulk scalar φ would generally lead to observable time-dependence in the four-dimensional Newton's constant, and therefore must be very small. Although the models under consideration do not include any mechanism for stabilizing φ, we will proceed optimistically and imagine that the bulk scalar may be approximated as independent of time,
We imagine further that the y-dependence of the metric coefficients may be factored out, and the coefficient b 2 of dy 2 set to unity by an appropriate rescaling (which may always be done if b 2 is independent of t):
Referring back to the jump conditions (70) and (75), such ansätze do not seem unreasonable; in (70) and (75) the symbols ρ and p refer to the entire energy and pressure, which will be dominated by the brane tension term, which in turn remains constant. Thus, it is reasonable to approximate the bulk solutions forφ and ω by on their flat-space values as derived in [6, 7] ,φ
where y c represents the location of the boundary opposite our brane, corresponding to a singularity,
In order to compare the modified Friedmann relation (81) to observations, it is necessary to express the four-dimensional Planck mass M 4 = 1/ √ 8πG 4 in terms of five-dimensional quantities. M 4 is defined by an integral over the extra dimension,
(In fact, we are again ignoring a subtlety: due to the presence of the scalar field, general relativity is not exactly recovered in four dimensions, and the definition of G has to be specified more carefully. It is possible that solar-system tests of gravity would rule out these simple models more definitively than the cosmological scenario considered here.) For simplicity we drop the subscript "dyn" from ρ and p for the remainder of this section.
In terms of the Hubble parameter H =ȧ/a, we haveä/a + (ȧ/a) 2 =Ḣ + 2H 2 . Then settinġ φ 0 = 0 and ignoring quadratic terms in ρ, p, our cosmological equation (81) becomeṡ
Unlike the ordinary Friedmann equation, which is a constraint relating the value of the Hubble parameter to the energy density, this is a differential equation for H, which will involve an additional integration constant in its solution. In fact we can integrate (88) explicitly to obtain
Consider a universe dominated by a combination of matter (ρ M ∝ a −3 , p M = 0) and radiation
. The Hubble parameter then obeys
where a * is the integration constant alluded to above. It is this relation (90) which is to be compared to the conventional Friedmann law H 2 = (8πG/3)ρ. In a matter-dominated era, the functional dependence of H on a is conventional, leading to the familiar a ∝ t 2/3 behavior. The coefficient of ρ, however, is different, suggesting a possible empirical test of the model: in this theory, the Hubble parameter during matter domination will be smaller by a factor of 1/ √ 6 ≈ 0.41 than the conventional expectation (at fixed ρ). Unfortunately, we do not have very precise empirical information about the expansion rate during the matter-dominated era. Given that our current universe is apparently dominated by a smooth component causing it to accelerate, we cannot directly constrain the coefficient of ρ M by contemporary observations. Since recombination occurred during the matter-dominated era, it would be possible in principle to constrain this coefficient via observations of the CMB anisotropy power spectrum; it is first necessary, however, to reliably calculate what that power spectrum should be, taking into account possible long-range deviations from general relativity due to the extra dimension. Since we have not undertaken this task, we are unable to say whether H 2 = (4πG/9)ρ M is consistent with the real universe.
In the radiation-dominated era, quantitative constraints on the behavior of the Hubble parameter may be derived from Big-Bang Nucleosynthesis (BBN) [12] . Expanding the logarithm in (90), we have
where C is an integration constant. This constant is not merely a nuisance that can be set to zero, but rather reflects the normalization of a; if we set a = 1 today, the first term is always negative in the past, which is clearly unworkable. On the other hand, we can choose C such that the second term is dominant -and with the correct magnitude to be compatible with observation -during BBN. This seems like an unlikely bit of fine-tuning, although it cannot be rigorously excluded. Therefore we see no way to definitively state that the self-tuning cosmologies we have considered are incompatible with observation, although it would require a mysterious coincidence to predict the correct light-element abundances. Since these models were invented to solve the fine-tuning problem associated with the cosmological constant, this must be considered as a strike against them.
Nevertheless, it is important to keep in mind that we have only dealt with specific toy models of self-tuning, which perhaps it is too optimistic to expect would lead to completely realistic cosmologies. The general idea that the cosmological constant problem may be solved not by making the vacuum energy small, but by making the metric insensitive to its value, is an interesting one, and it seems worth the effort to attempt to construct self-tuning models with more acceptable cosmological behavior. energy are as severe in such a hypothetical model as they are in conventional quintessence and inflation scenarios.
Another interesting issue is the possibility of choosing parameters which work to tune away the effects of a more general energy component with equation of state p = wρ, where w is not necessarily −1. We know of no compelling reason why this should happen, but the exercise illustrates the extent to which there really is some tuning going on in our choice of parameters.
Vacuum energy was tuned away by choosing our parameters α and β to be related by (77) (taking the case of volume-element coupling for definiteness). Let us imagine that we instead take β 
where x is a parameter to be chosen. The cosmological equation (76) 
For a universe dominated by a component with p = wρ, the right hand side will automatically vanish if we choose
The choice x = 1 tunes away vacuum energy (w = −1) as well as an exotic component with p = −ρ/2. With the exception of matter (w = 0), the expansion can be made insensitive to any specific equation of state by an appropriate choice of x. Once again, we have no reason to suggest that such a possibility will occur (nor see any need for it); however, this phenomenon serves as an illustration that the specific choice (77) represents a kind of fine-tuning in its own right.
